Designing appropriate technology to effectively control the trapping process in complex systems and achieve the desired trapping efficiency is central in the study of trapping problem in complex systems. In this paper, we study delayed random walks on Apollonian network with a trap fixed at a given initial hub node. In more detail, a stochastic parameter p was introduced in the approach to alter the transition probability of random walks. We further derive analytically the average trapping time (ATT) as the measure of trapping efficiency with the obtained analytical expression being in good agreement with the corresponding numerical solutions. The result indicates that ATT scales sublinearly with network size when 0 ≤ p ≤ 1. Therefore, we introduced stochastic parameter p only alter the prefactor of ATT and left the leading scaling of ATT unchanged. Our work may pave the way for understanding how to control trapping process in real complex systems.
Introduction
Trapping is a typical dynamical process of complex systems, which is closely related to various other dynamical processes occurring in diverse complex systems, such as target search, 1 lighting harvesting in antenna systems, 2-4 disease spreading, 5 page search and Web page sorting. 6, 7 Trapping problem, first introduced in Ref. 8 , can be regarded as a special random walk with a trap placed at a given node absorbing all walkers visiting it. In view of the close connection between trapping problem and real life, trapping problem has attracted more and more attention. 6, 7, 9 One of the quantities concerning trapping problem is trapping time, which is also called mean first passage time (MFPT). The MFPT from node i to the trap is the expected time taken by a walker starting from node i to arrive at the trap node for the first time. [10] [11] [12] The average trapping time (ATT) is defined as the average of MFPTs starting from all source of nodes in the network other than the trap node, which can be used as a quantitative indicator of trapping efficiency.
In the study of trapping problem, in addition to unraveling the effect of geometrical structure and spectrum of standard Laplacian matrix, 13, 14 another equally important problem is to control the trapping process. Thus far, several basic works have been devoted to control trapping process on distinct networks, such as tree-like fractals 15 and one-dimensional systems. 16 In spite of the fact that a large amount of effort has been devoted to several networks, designing appropriate control technology and steering the trapping process with wanted trapping efficiency, however, is still remains less understood. Thus, it is highly desirable to seek an effective method to control the trapping process in specific systems.
In this paper, we study trapping problem based on delay diffusion in the Apollonian network, which has the properties of small-world and scale-free. [17] [18] [19] We focus on the special case that a single trap is placed at one of the given original nodes with the biggest degree. Then, we introduce a stochastic parameter p(0 ≤ p ≤ 1) to change the transition probability of random walk, and define delayed random walks on Apollonian networks, which can be used to control the trapping efficiency on Apollonian network. Based on the structure of the networks, we obtain analytically the ATT, i.e. F n . Here, the ATT represents the average of MFPT over all starting nodes to a given trap node which is also a hub node in a delayed random walk on the Apollonian networks. ATT can be used to characterize transport efficiency. The obtained results show that ATT can control the trapping efficiency in a significant way.
Network Introduction and Formulation of the Problem

Network construction and properties
According to Apollonian packing, 20 one can obtain the rules of generating the Apollonian network in a recursive manner. 17, 21 Let F n denote the networks after n(n ≥ 0) generations. Then, F n are built as follows. For n = 0, F 0 is a tetrahedron with four triangles. (see Fig. 1 as an example of initial construction of Apollonian networks). For n ≥ 1, F n is obtained from F n−1 by performing the following operation. For each of the existing triangles introduced at generation n − 1 in F n−1 , we add a new vertex and attach it to all the three vertexes of the triangle. Thus, we derive F n . Figures 2 and 3 show separately the Apollonian network of generations 1 and 2 as well as the labeling of its nodes. Let Ω n denote the set of nodes in F n , and let Ω n represent the set of nodes that are newly introduced at generation n. Thus, Ω n = Ω n−1 ∪ Ω n . Let |Ω| represent the number of elements in set Ω. According to the evolving rule of Apollonian network, |Ω n | = N n = 2 × 3 n + 2, and |Ω n | = 4 × 3 n−1 .
Determining ATT of delayed random walks on Apollonian network Let k i (n) denote the degree of node i in F n , which entered the networks at generation g(g ≤ n), we have
From Eq. (1), we can easily derive that
The networks we are studying has some remarkable characteristics of the reallife network. 17, 18, [21] [22] [23] [24] It is scale-free with the degree of nodes obeys the distribution of power-law P (k) ∼ k −γ , where the parameter r = 1 + ln 3 ln 2 belongs to interval between 2 and 3. [25] [26] [27] Its average path length, defined as the mean of the shortest distance over all pairs of nodes, increases logarithmically with the network size. 23 Moreover, the network also exhibits the property of small-world. Since in the large network size over limit, its average clustering coefficient tends to 0.8284. 
Formulation of trapping in the network with a perfect trap at an initial hub node
Let T (n) i denote the trapping time, which is the expected time for a walker starting from node i to arrive at the trap node in F n for the first time. According to the definition, T (n) i satisfies the following relationship:
Equation (3) is written in a matrix form
where e is (N n − 1)-dimensional column vector with its all elements are 1, and
is obtained from P n by deleting the row and column corresponding to the trap node 1. From Eq. (4), we obtain
where I is the (N n − 1) × (N n − 1) identity matrix. Let T n denote the ATT, which is defined as the mean of T (n) i starting from all source of nodes over the whole network F n to the trap node. Then, we obtain
where τ ij is the ijth entry of matrix (I − P ) −1 . (6) shows that the computation of ATT can be reduced to summing all entries of the matrix (I − P ) −1 . Note that since N n increases exponentially with n, for large n, this computation is time-consuming. However, it indeed provides a check method for the following calculation of the analytical solution of the ATT, which is derived based on delay diffusion.
Controlling the Trapping Efficiency by Introducing Delayed Random Walks
Usually, when a network assembly is finished, the influence of its newly updated topological structure on the dynamic process is not immediately apparent, and has a certain delay. This phenomenon of delay can be found in many aspects of real life, such as human postural way, 29,30 eye movements, 31 neolithic transitions, 32 stochastic resonance-like phenomena 33 and so on. Thus we can understand fluctuations in a delayed dynamical system by modeling it as a delayed random walk. A delayed random walk is defined as a random walk in which the transition probability depends on the position of the walker at a fixed time interval in the past. As a mathematical framework to investigate the systems with delay, delayed random walk has been proposed and studied. 30, [34] [35] [36] Based on this observation, we use a control technique, which is delayed random walk, to change the transition probability and then achieve the purpose of controlling the trapping efficiency. 19 
Definition of delayed random walks
By the construction of Apollonian networks, the structure of F n−1 is embedded in F n . Then, we can define delayed random walks on Apollonian network as follows. 36 During the process of delayed random walks, a walker starting from an node in F n−1 is permitted to one of its nearest-neighbor in either F n−1 or F n with probabilities p and 1 − p (0 ≤ p ≤ 1), respectively. Thus, the transition probability from an old node i to one of its adjacency nodes j is given by
, j ∈ Ω n−1 ,
If the walker starts from a newly produced node of F n , then it will go to one of the nearest-neighbor of F n with the same probability 1/3. There is a limiting case for the above-mentioned delayed random walks in F n . When p = 0, it reduces unbiased random walks in F n . As shown above, the parameter p can control the process by changing the transition probability. Next, we will show how the probability parameter p works.
For the convenience of description in this section, let F (n) i denote the trapping time for a walker starting from node i to first arrive at the trap node in F n , and F n represent the ATT. Now, in order to obtain F n , we define the following two quantities for g ≤ n:
Then, by the definition, the ATT F n can be expressed as
Thus, in order to derive F n , we should determine F (n) n,tot , while F (n)
n,tot has a relationship with F (n)
i . Next, we should first derive the evolution rule of F (n) i . In the preceding section, we already knew that k i (n + 1) = 2k i (n), which means when the network evolves from generation n to next generation n + 1, the degree of node i doubles. These 2k i (n) neighbors generally fall into two categories: half of which are the original neighbor nodes belonging to Ω n , and the other half are newly generated neighbor nodes in Ω n . In the following, let Z denote the MFPT starting from one of its k i (n) new neighbors to first reach one of its k i (n) new neighbors, and let X represent the MFPT starting from a node i to first arrive one of its k i (n) old neighbors. Thus, the quantities Z and X for delayed random walks satisfy the relations of
which can be solved as
Thus, we have the following relation
where T (n) i represents the trapping time of node i for random walks in F n , corresponding to the special case of p = 0. According to Eq. (8), F (n) n,tot can be rewritten as
where T (n−1) n−1,tot = 3 n−1 6×5 n−1 (17 × 3 n−1 + 5 n + 32 × 9 n−1 ). 19 Therefore, in order to get F (n) n,tot , we only need to compute F (n) n,tot . According to the construction of the network, for each newly created node x ∈ Ω n , it must have three old neighbor nodes 1950231-6 Mod. Phys. Lett. B 2019.33. Downloaded from www.worldscientific.com by 52.11.211.149 on 01/31/20. Re-use and distribution is strictly not permitted, except for Open Access articles.
Determining ATT of delayed random walks on Apollonian network a, b and c belonging to Ω n−1 . Then, we derive that
By the definition (9), to sum up Eq. (14) over all node in Ω n , we obtain
Similarly, we derive
Considering the following relations T (n) i = 9 5 T (n−1) i and k i (n) = 2k i (n − 1), we use Eq. (16) minus Eq. (15) times 18 5 , which leads to
where T (n) n,tot = 3 n−1 + 32 9 × ( 27 5 ) n . 19 Furthermore, using definition (9), we have
in which
2 )/3 + (1 + F
3 )/3 + (1 + F
3 )/3 + (1 + F 
3 )
2 )
Thus, we derive that
In combination with the results obtained above, Eq. (17) can be solved as 
Then, together with Eq. (9), we can easily derive the exact formulation of the ATT, which is given by F n = 3 n (3 − p) × 5 6 × 5 n (5 + p) (17 × 3 n−1 + 5 n + 32 × 9 n−1 )
In the following, we will compare the analytical results in Eq. (25) with the numerical results in Eq. (6) , which are shown in Fig. 4 . From that, we can see that both of them totally agree with each other for different values of p. This agreement serves as an independent test of our analytical results. Equation (25) shows that for trapping in F n , the analytical results of ATT is closely related to the probability parameter p. Next we will show how the leading behavior ATT scales with the network size in F n . 
Leading behavior of ATT
Since N n = 2 × (3 n + 1), we have n = log 3 ( Nn 2 − 1). Therefore, Eq. (25) can be expressed as a function of the network size N n . 
27(5 + p)
Hence, for large network (i.e. N n → ∞), we have
where ξ(p) = 112(3−p) 27(5+p) . From Eq. (27), we can observe that in the whole range of 0 ≤ p ≤ 1, ATT scales sublinearly with network size N n with the exponent (2 − log 3 5) (≈ 0.535) independent of parameter p. Although parameter p has a negligible effect on the leading behavior of ATT, it can significantly modify the prefactor ξ(p) of the dominant term for ATT. Concretely, ξ(p) is an decreasing function of p. When p grows from 0 to 1, ξ(p) drops from 112 45 to 112 81 , implying that delayed random walk can enhance the trapping efficiency significantly.
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Determining ATT of delayed random walks on Apollonian network
Conclusion
In this paper, we use a method based on delayed random walk to control the efficiency of trapping on Apollonian networks with a trap located at the initial node. After the introduction of the delayed random walks on the Apollonian network, we derive the analytical expression of ATT and analyze the influence of the stochastic parameter p on ATT. The results show that ATT scales sublinearly with network size when 0 ≤ p ≤ 1, and stochastic parameter p only alter the prefactor of ATT and leave the leading scaling of ATT unchanged. We also get the numerical solution. The analytic solution and numerical solution fit each other well. We expect this technology to be applied to other real networks and achieve the purpose of controlling the trapping efficiency on the network.
